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Abstract
Modeling the electrical activity of the heart, and the
complex signaling patterns that underlay dangerous
arrhythmias such as tachycardia and fibrillation,
requires a quantitative model of action potential
propagation. At present, there exist detailed ionic
models of the Hodgkin-Huxley form that accurately
reproduce dynamical features of the action potential at a
single cell level. However, such models are very time
consuming in computer simulations. We show how
simplified models can help on the study of cardiac
arrhythmias. In particular, how breakup of spiral waves,
believed as the dynamics underlying the transition from
tachycardia to fibrillation, can occur as function of
tissue size and shape. We also discuss some of the
limitations in these models and some differences in
dynamics between simple and complex models.

1.

Introduction

The study of cardiac arrhythmias using computer
models originated in the mid 1940’s when Wiener and
Rosenblueth [1] used a very simple cellular automata
model to describe the propagation of action potentials
and investigate under which conditions flutter and
fibrillation could arise. Eventhough their model
considered homogenous cells with only three dynamical
states (excited, refractory and unexcited) and produced a
constant conduction velocity as well as a constant
duration of action potential. It was enough to explain
how electrical waves could re-circulate around obstacles
and give a theoretical frame work for the circulating
impulses in cardiac tissue observed experimentally by
Mines [2] and Garrey [3] in 1914.
Since then, many numerical simulations of cardiac
dynamics have helped in many ways to our
understanding of arrhythmias. For example in 1964 Moe
et al. [4] used a cellular automata similar to [1] but
added two more rules, (i) the absolutely-refractory state
lasted certain amount of time R which varied randomly
from cell to cell, and (ii) four extra intermediate
“relatively-refractory” states where considered. This
produced a spatially inhomogeneous tissue with
dispersion of recovery and variable conduction speed
(CV). As the dispersion in values of the refractory times

R increases, Moe’s model can produce circulating waves
with out the need of any anatomical obstacle (spiral
waves), further more at a higher dispersion, breakup of
spiral waves occurs leading to a state of multiple
wavelets. Moe’s model shows how tissue irregularities
and variability in CV facilitates the induction of
fibrillation. In the late 1960’s and 1970’s many
numerical simulations of continuos generic excitable
models showed the existence of spiral waves in isotropic
tissue. And in the early 1990’s simulations with ionic
models showed that steep restitution of action potential
duration (APD) (slope > 1) can produce large wave
oscillations which can then lead to conduction blocks
and spiral wave breakup [5-6] (see Fig.1).

1.1.

Ionic Models.

In 1952 Hodking and Huxley [7] introduced the first
continuos mathematical model designed to reproduce
cell membrane action potentials. Since then, there has
been many complex models developed for cardiac cells
following their approach. Most of these models can be
separated into three classes. 1) “First generation” of
ionic models, which reproduce basic ionic currents and
concentrations like the Beeler-Reuter (BR) [8] and the
Luo-Rudy-I (LR-I) [9] models. 2) ”Second generation”
models, which are more robust since they not only
include more currents but also pumps and exchangers for
dynamic ionic concentrations like the DiFrancescoNoble [10]. And 3) simplified models that only use the
minimum set of phenomenological currents necessary to
reproduce mesoescopic characteristics of cell dynamics
such as AP and CV restitutions [11-12].
Simulations using first and second generation models are
in general very computationally intensive, specially in 2
and 3 dimensions, therefore it is always desirable to
isolate the minimum key features necessary to
characterize specific phenomena by using simplified
models . Nevertheless it is important to keep in mind that
when reducing a complex model some intrinsic
behavioral dynamics may be lost. The porpoise of this
latter is to show some of the advantages and limitations
when using simplified models of cardiac action
potentials.

2. What can we learn from simplified

models?
The simplified model used in here is a three variable
simple ionic model (3V-SIM) developed in [11] which
can reproduce arbitrary monophasic APD and CV
restitutions by varying some of its parameters. The total
membrane current of the model is given by the sum of
three phenomenological independent currents: I total =
I_fi(U,v)+I_so(U)+I_si(U,w). Where U represents the
membrane voltage and, v and w two gate variables.
I_fi=-4*p*v*(U-.1)*(1-U) corresponds to a fast inward
(Na) current, I_so=0.04*(U-0.03272/0.04)*exp(-2U) +
0.03272, corresponds to a slow outward (K) current, and
I_si=-w*(1+tanh(10*(U-0.859)))/44.15 a slow inward
(Ca) current. The gates v and w govern the activation and
inactivation of their corresponding currents and their
kinetics are given by ∂ t v = (1-p)*(1-v)/((1-q)*18.5 +
q*177)–p*v/3

∂ t w =(1-p)*(1-w)/37-p*w/645.13.

and

The membrane voltage follows the cable equation
∂ t U = ∂ xi ( D ij ∂ xj U ) − I total / C m . Where D ij is the

rings of canine heart muscle, but also oscillations on the
impulse rotation cycle. These oscillations can be
explained in terms of the APD and CV restitution [14].
The oscillations are the result of a Hopf bifurcation
present when the APD restitution has a slope >1. Figure
2 shows these oscillations using the BR-model and the
3V-model. We can see that the 3V-model reproduces in
a good approximation the amplitude and modulations of
the APD oscillations obtained with the BR-model. This
oscillations increase as the ring diameter decreases, up to
a size of 13.25 cm, where the ring is too small to support
a propagating wave. It can be easily shown [5] that by
decreasing the steepness of APD restitution, the
oscillations can be suppressed. It is important to note
that the time needed to simulate300 rotations using a 600
MHz Alpha is about 6.5 min. for the 3V-model and 54
min. for the BR-model (using m ( t ) = m ∞ ,which allows
the use of a larger dt [11]), a ratio of about 8.3 times
faster using the 3V-model. This ratio becomes very
significant when attempting large-scale simulations in
three-dimensions.

=1 µ F / cm 2 , p and q are
Heaviside step functions defined by p=1 (p=0) for U ≥
Uq (U<Uq) and q=1 (q=0) for U ≥ Up (U<Up),
Uq=0.1, Up=0.033 and U needs to be scale as U*100-85
when comparing with ionic models. The model as given
above, reproduces the same APD and CV restitution as
the eight-variable Beeler-Reuter model[8] (see Fig. 1)
diffusion tensor,

C

m

Fig. 2. Oscillations of APD as function of cycle number
(one beat to the next) for a simulated ring of cardiac
tissue with L= 12.2 cm using the BR-model (A) and the
3V-model (B).

2.2. Two-dimensional sheets of cardiac tissue
Fig. 1. APD restitution function indicates the duration of
an AP as function of the time between activations,
known as diastolic interval (DI) and CV restitution
indicates the velocity of the wave front as function of the
DI. In A) we show the APD restitution and in B) the CV
restitution for the 3V-SIM and the BR-model. The
curves were obtained by pacing at shorter and shorter
DI’s as in [11]. Using D i = 1 cm 2 / sec , dx=0.25 and
dt= 0.13, 0.75 for the 3V-SIM and the BR-model
respectively.

2.1. One-dimensional rings of cardiac tissue
In 1988 Frame and Simson [13] not only showed, as
Mines [2] and Garrey [3], circulating impulses using

Simulations of the BR-model in two-dimensional
homogeneous sheets of tissue [15] have shown that
spiral waves are unstable and readily breakup into
multiples because of the AP oscillations produced by the
steep APD restitution [5]. The 3V-model also produces
unstable spiral waves that break much in the same way.
Courtemanche and Winfree [15] showed that when the
calcium current in the BR-model is speeded up by two
(known as MBR-model), spiral waves become stable.
Similarly with the 3V-model, one can vary some of its
parameters [11-12] and closely reproduce the restitutions
of the MBR-model. In this case the simplified model
also leads to stable spiral waves with the same range of
frequency rotation, shape and size as the MBR-model
11-12].
Since simulations using the 3V-model are much faster

than with the MBR-model, we used it to study the
stability of spiral wave as function of tissue size and
periodic boundary conditions by simulating a cylindrical
ventricle with out thickness. For cylinders with a
perimeter larger than the spiral’s wave length, we found
no difference in dynamics when compared to a spiral
rotating on a square sheet of tissue with zero flux
boundary conditions. Nevertheless, when the perimeter
is compared to the wavelength, then the spiral wave tip
becomes perturbed by the incoming waves generated by
itself. The collision of incoming waves, with a higher
frequency that the one of rotation, produces a drift on the
spiral wave. It has been shown [16] that the drift of a
spiral is proportional to the high frequency pacing.
Therefore the drift is proportional only to the ratio
between the cylinder’s perimeter and the length of the
wave-tip-trajectory (spiral core) and independent of the
shape. Different tip trajectories can be induced in the
BR-model as well as in the 3V-model by varying the
sodium conductance [11-12]. We have check that in all
cases drift is present when the perimeter is comparable
to the core of the spiral.
For cylindrical perimeters smaller than the tip
trajectory, it is not possible to maintain a spiral wave,
however when a spiral is in the hypermeander regime,
there is a window of perimeter sizes between the drift
and termination, for which stable-drifting spirals will
break. The breakup is produce because the
hypermeander wave repolarizes unevenly some regions
along the cylinder, therefore incoming waves produced
by itself can block the wave tip front and form new
spiral waves. This mechanism for breakup can occur in
the ventricles when a spiral wave is created close to the
apex where the ventricular perimeter decreases. We have
checked that the MBR-model also produce the same
effect of breakup on a tissue with equal size to the one
used with the 3V-model (a perimeter of about 4cm) .

anisotropy is increased, the vortex elongates and curves
because of a highly localized twist induced by the fiber
rotation. This elongated vortices collide with the tissue
boundaries and produce a wave breakup which then
leads to multiple waves characteristic of VF. To
illustrate the nature of the twist that produces the
filament instability we show in Fig. 3a the contour of a
spiral wave rotating in the epi-cardium and
superimposed the one from the endo-cardium. The spiral
wave is from the 3V-model fitted to the MBR-model
with sodium conductance changed from 4 to 2.47 (see
I_fi) [12] so the spiral tip, follows a circular core (in this
case distorted ellipses because of the tissue anisotropy
with a 1:0.33 ratio). The figure shows how the major
axes of the ellipses are rotated by an angle which is
roughly equal to the total fiber rotation angle. It also
shows how the anisotropic velocity induces a phase
difference between the spiral in the epi- and endocardium. Therfore when the spiral wave turns around the
highly curved part of the distorted ellipse (pivot turn) a
twist is produced because the wave front on the epileads in time the pivot turn on the endo-cardium. Notice
how in the figure the spiral in the epi- already finish the
turn while the one in the endo-cardium has not started
yet. The amount of twist in the vortex is then produce
every pivot turn (i.e. twice per period) and the amount of
twist depends not only on the fiber rotation but also on
the curvature of the tip trajectory. The higher the twist
induced the larger the elongation of the vortex line and
the easiest to produce breakup. The 3V-model fitted to
the MBR-model produces very highly curved tip
trajectories and is the reason for which breakup can
occur given an specific thickness and fiber rotation rate
(see Fig. 3b).

2.3.Three-dimensional slabs of cardiac tissue
We have also studied the stability of spiral waves in
three-dimensions considering a slab of cardiac tissue and
including the natural rotational anisotropy of the fibers
[11-12,17]. By using the 3V-model fitted to the MBRmodel we found that stable scroll waves (spiral waves in
3D) become unstable and break into multiple as function
of tissue thickness and rotation anisotropy. This is in
agreement with various experiments of thinning
ventricular tissue similar to Garrey’s [3] where it is
shown that VT degenerates into VF if the tissue is thick
however VT remains stable if the tissue is thin.
We found that for thick slabs of tissue with little
rotational anisotropy the scroll wave vortex (the
equivalent of the spiral wave tip, which becomes a line
in 3D) is stable to perturbations and behaves similarly as
in a two-dimensional sheet. However, as the rotational
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Fig. 3 (A) The rotational anisotropy is 12 /mm in
counter-clock direction from epi- to endo-cardium and
the thickness of the tissue is 2.2 mm. Thick line
represents the contour of the spiral and tip trajectory on
the epi-cardium and the dash line on the endo-cardium.
(B) Summary of simulation results using the 3V-model
fitted to MBR, the LR-I model with speedup calcium,
and from an experimental APD restitution (see [11]).
The gray area represents mammalian hearts. The lines
separates the boundaries between stable VT (bellow the

lines) and developed VF (above the lines). The MLRmodel is less susceptive to VF for a given thickness
because the spiral wave in the MLR-model follows a
narrower pivot turn than the one in the MBR-model (see
[11]).

3. Limitations of simplified ionic models.
In section 2 we showed that the simplified 3V-model
reproduced very closely the APD and CV restitutions as
well as the APD oscillations on a ring obtained with the
original BR-model. In the two- and three-dimension
simulations, the two models quantitatively have the same
behavior and give very similar results, however they are
not as close as one would expect from the results in
section 2. The reason for this is that the simplified model
does not reproduce (i) the exact shape of the AP and (ii)
the precise activation and inactivation of ionic currents
as function of voltage, therefore electrotonic effects are
different. These effects can become important at high
frequencies, for example we have shown, using the BRmodel (to be published), that fast pacing can lead to
spatial discordant alternans as recently shown
experimentally. While the APD restitution is the cause of
the discordant alternans and CV restitution helps in the
induction (but is not necessary) the dynamics of the
discordant regions is mostly due to electrotonic coupling
(see Fig. 4). Another example where electrotonic effects
can be seen is in the difference between the tip
trajectories traced by the MBR-model and the 3V-model
fitted to it. They have the same length and similar pivot
turn, however the overall shape is somehow different as
shown in [11] because of the interactions between wave
fronts and backs at the high frequency of spiral rotation
Fig.4 Discordant alternans generated on a 1D string of
tissue when the edge x=0 is periodically stimulated at

310 ms using the BR-model (darker lines) and the 3Vmodel (lighter lines). Solid-line shows the APD
distribution at odd-beats and dash–line at even-beats.
Notice that eventhough the restitutions are almost the
same (Fig. 1) the distribution is completely different
because of electrotonic effects.

4. Conclusions
Simplified models of cardiac dynamics have been
proven to be valuable in the study of arrhythmias when
extensive and time consuming simulations are required.
It allows to vary parameters and study different levels of
complexity in a shorter time. Results then can be tested

with just key simulations using the more complex
models. We have shown that regions close to the apex as
well as the anisotropic fiber architecture of the left
ventricular wall are major predisposing factors for the
degeneration of VT to VF. We also have shown that
electrotonic effects can be important in some cases.
Therefore future realistic simulations may need to
consider the differences in AP shape found from epi- to
end-cardium including the M-cells. Part of this work has
been done in collaboration with A. Karma, H. Hastings
and S. Evans, I thank them for their support.
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